ORTHOGONAL BASES OF BRAUER SYMMETRY
CLASSES OF TENSORS FOR THE DIHEDRAL GROUP

RANDALL R. HOLMES AVANTHA INDIKA

ABSTRACT. Necessary and sufficient conditions are given for the ex-
istence of an orthogonal basis consisting of standard (decomposable)
symmetrized tensors for the class of tensors symmetrized using a Brauer
character of the dihedral group.

0. INTRODUCTION

Since the appearance in [\W(] of an example of a (higher) symmetry class
of tensors that possesses an orthogonal basis of standard (decomposable)
symmetrized tensors (“o-basis” for short) there have been several papers
devoted to the question of when such bases exist (e.g., | , , , H1,

, , ]). In each of these papers the symmetrization of the tensors is
done using an (ordinary) irreducible character of the given group. It makes
sense however to symmetrize using an irreducible Brauer character of the
group instead.

In this paper, we consider the above question in the case of these “Brauer-
symmetry classes” of tensors. We give necessary and sufficient conditions
for the existence of an o-basis in the case where the group is the dihedral
group.

It is our hope that, just as the study of Brauer characters has revealed so
much about ordinary characters, so too will the study of Brauer symmetrized
tensors shed light on the structure of ordinary symmetrized tensors.

1. NOTATION AND BACKGROUND

Fix positive integers m and n and set I'y, , = {y € Z™ |1 < ; < n}. Fix
a subgroup G of the symmetric group Sy,. A right action of G on the set
L is given by v = (Y1), - -+ » Yo(m)) (7 € T, 0 € G).

Let V be a complex inner product space of finite dimension n and let
{ei|1 < i < n} be an orthonormal basis for V. The inner product on V
induces an inner product on V®™ (the mth tensor power of V) and, with
respect to this inner product, the set {e, |y € 'y, »} is an orthonormal basis
for V, where e, = e,, @ --- ®ey,,.
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The space VO™ is a left CG-module with action given by oe, = o1
(0 € G,v € I'yy,), extended linearly. The inner product on V®™ is G-
invariant, which is to say (ov,ocw) = (v,w) for all ¢ € G and all v, w € V™,

Let p be a fixed prime number. An element of G is p-regular if its order
is not divisible by p. Denote by G the set of all p-regular elements of G.
Let IBr(G) denote the set of irreducible Brauer characters of G. (A Brauer
character is a certain function from G to C associated with an FG-module
where F' is a suitably chosen field of characteristic p. The Brauer character
is irreducible if the associated module is simple. For the theory of Brauer
characters, see [ls, Se, , Fe].) A conjugacy class of G consisting of p-
regular elements is a p’-conjugacy class. The number of irreducible Brauer
characters of G equals the number of p’-conjugacy classes of G.

Let Irr(G) denote the set of irreducible characters of G. (Unless preceded
by the word “Brauer,” the word “character” always refers to an ordinary
character.) If the order of G is not divisible by p, then G = G and IBr(G) =
Irr(G).

Let S be a subset of G and let ¢ : S — C be a fixed function. Statements
below involving ¢ will hold in particular if ¢ is a character of G (in which
case S = @) and also if ¢ is a Brauer character of G (in which case S = G).

The symmetrizer corresponding to ¢ is the element s, of the group alge-

bra CG given by
e
Sp = ST;R E p(o)o.

c€eS

Corresponding to ¢ and v € Iy, ,, is the standard (or decomposable) sym-
metrized tensor

p(e)
(1.0.1) ef = spey = TS Z @(0)eyg—1-
oeS

The symmetry class of tensors associated with ¢ is
V, = 3¢V®" = <ef |y € Tmn)-

If ¢ is a Brauer character, we refer to this as the Brauer symmetry class of
tensors associated with .
The orbital subspace of V,, corresponding to v € Iy, is

VY= (e, |0 €G).

An o-basis of a subspace W of V,, is an orthogonal basis of W of the
form {e%,,e%,,..., €%} for some v; € 'y, ,,. By convention, the empty set is
regarded as an o-basis of the zero subspace of V.

Let A = Ag be a set of representatives of the orbits of I'y,,, under the
action of G.

The following result is well known in the case where ¢ is an irreducible
character of G [Me, Theorem 6.31 and proof], but we provide a proof to
show that it holds for our arbitrary function ¢ : § — C as well.
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1.1 Theorem. We have

V, = ZVf (orthogonal direct sum).
YEA

In particular, Vi, has an o-basis if and only if VY’ has an o-basis for each
v € A.

Proof. Let f € I'y, .. Then 8 = ~o for some v € A and ¢ € G, so that
ej = ef; € Vy'. This shows that V,, is contained in (and hence equals) the
indicated sum.

The sets E, = {eyo |0 € G}, v € A, are pairwise disjoint subsets of the
orthogonal set {eg|s € I'y,n} and are therefore pairwise orthogonal. For
each v € A the subspace V5 is contained in the span of E,, so the indicated
sum is an orthogonal direct sum.

Assume that V, has an o-basis B. By the first paragraph, B is the union
of the sets By = BN VY, v € A, and these sets are pairwise disjoint by the
second paragraph, so B, is an o-basis for V¥ for each v € A.

Finally, if V¥ has an o-basis for each v € A, then the union of these bases
is an o-basis for V. O

1.2 Theorem. For everyy €Iy, and 0 € G,

Z > elwe(rloph.

HES TEOUTISNG,

(¢0rc) = 50

Proof. Let v € I'y,, and 0 € G. Using the definition of the standard
symmetrized tensor and sesquilinearity of the inner product, we have

ZZQD 15 Eyp 1).

HES peS

£ e?)
(€55, €5) = ‘ 5‘2
For u,p € S, the G-invariance of the inner product gives

(€op=1s€yp=1) = (p_levcf#*“p_levp*l) = (eyou-1p,€7)

and this last expression is 1 or 0 according as ou~!p is or is not in G,.
Therefore,

1
(€£,,¢%) = ‘5’2 Z > ewel™)
pes pEeES

ou~lpeG,

Z S ewerlop™,

2
‘S’ HES TEoPTISNG

1

where we have used the substitution p = puo™"7 in the last step. O
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1.3 Lemma. Assume that S is closed under conjugation by elements of G
and that ¢ is constant on the conjugacy classes of G. For each v € 'y,
and o € G, we have oe¥ = ef .

Proof. Let v € I'y;, , and 0 € G. Then

i’; |S| Z(p Cyr—lg—

TES
For 7 € S, we have 7 'o~! = o~ '~!, where p = o701, s0
©(e)
et = TG0 S oo lersyen = S S rt =5

nes HeS

where the first equality uses the assumption that S is closed under conju-
gation and the second equality uses the assumption that ¢ is constant on
conjugacy classes. ([l

The preceding lemma applies in particular if ¢ is either a character or a
Brauer character of GG.

For the remainder of the section we review some standard results we
will need from the theory of (ordinary) symmetrized tensors (some suitably
generalized for our purposes).

1.4 Theorem. We have
Z Vi (orthogonal direct sum).
x€Irr(G)
Proof. See [\Me, Corollary 6.6]. O
The preceding theorem does not hold with Irr(G) replaced by IBr(G) as
Example 2.5 below shows.

The next result is well known, but we provide a proof that utilizes Theo-
rem 1.2.

1.5 Theorem. Let x be an irreducible character of G. For every v € I'y,
and o € G,

x(e)
(X, eX) = & (70).
ol 2"

Proof. Let v € T'y,, and 0 € G. Letting S = G in Theorem 1.2 and
switching the order of the sums, we get

(eXg,eX) = >|<é?| Z ZX Y(rtop™)

The expression in brackets equals X(T_la) by the generalized orthogonality
relation [Is, (2.13)], so replacing 7~ by 7 yields the desired formula. O
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Fix a character ¢ of G. We have

t
(1.5.1) =Y aixi,
i=1

with the x; distinct irreducible characters of G and the a; positive integers.
The characters x; (1 < i <t) are the irreducible constituents of 1.

The following theorem is a slight generalization of a theorem of Freese,
which says that for every x € Irr(G) and v € I'y,

(1.5.2) dim V¥ = x(e)(x, e,
[Fe, p. 339].

1.6 Theorem. For every v € I'y, p,

t
dim va = Z xi(e)(xi, 1)a, -
i=1

where x1,...,xt are the (distinct) irreducible constituents of ).

Proof. Let v € I'y, . Writing ¢ = >, a;x; as in (1.5.1), we have s, =
> i CiSy,» where ¢; = a;p(e)/xi(e) # 0. We claim that

(1.6.1) VY= Z VX

We have
VY =5y Vo © sy Vy =) VN,
7 %

where V,, = (ey, | 0 € G). Therefore, it remains to show the other inclusion.
Let v € >, V3. Then v = ), sy,v; with v; € V,. Using the fact that
the symmetrizers s,, x € Irr(G), are pairwise orthogonal idempotents [\e,
Theorems 6.3 and 6.5] we get

-1
v = Z Sy, Vi = (Z cisxi> ch Sx; V5 | € sypVy = wa’
i J

7
and the claim is established.
Since the spaces V,, are pairwise orthogonal (Theorem 1.4), the sum in
1.6.1 is direct. The theorem now follows from Freese’s theorem (1.5.2). O
Define
A=A%={yeA|@ e, #0}.

1.7 Proposition. Let v € A. The following are equivalent:
(i) v €A,
(i) v # {0},
(iii) e% %0 for every o € G.
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Proof. If we write ¢ = ). a;x; as in (1.5.1) with each a; a positive integer,
we have (¢,1)a, = >_; ai(xi, 1)a,, so (i) and (ii) are equivalent by Lemma
1.6. Next, by Lemma 1.3, e% # 0 for every o € G if and only if e% 2 0 for

some o € (G. Since Vyw is spanned by the vectors ei’fa with ¢ € G, it follows
that (ii) and (iii) are equivalent. O

2. THE DIHEDRAL GROUP
Assume that m > 3 and define r, s € S,,, by
(1 2 3 -+ m—-1 m (1 2 3 -+ m-1 m
234 .. o om 1) T mom-1 .. 3 2
Then G = D,, = (r,s) is the dihedral group of degree m. The elements r
and s satisfy the relations 7™ = 1, s> = 1, and srfs = r=F for all k. It

follows that G = {r*,sr* |0 < k < m}. The order of G is 2m.
The ordinary irreducible characters of G are [Se, pp. 37-38]

rk srF
Yo 1 1
L 1 -1

9 (—1)k (—=1)*  (m even)
vz | (=D)F  (=D)F1 (m even)
Xn | 2cos 2mkh 0 (1<h<m/2)

Let C' denote the cyclic subgroup (r) of G and fix 1 < h < m/2. The
character Y, is induced from the character A, of C given by A (r¥) = wh*,
where w = ¢2m/m (i = v/=1), a primitive mth root of unity. Moreover,
Xhlo = An + A, where )\, denotes the conjugate character of \,. In partic-
ular, for each k we have

X (%) = M (%) + M (") = WM ™,

Write m = p'l with [ an integer not divisible by p (where p is our fixed
prime number). We have

) {{rjpt75rk0§j<l,0§k<m}, pF#2,

" o <<, p=2.
so the p’-conjugacy classes of G are
{7 ey 0 < <12,
{sr?* 10 < k <m/2}, {sr®*T10 <k <m/2}, [ even, p # 2,
(PP Y 0< < (1-1)/2, {srF|0 <k <m}, lodd, p#2,
{ri?" PPy 0 <5 <1/2, p=2.
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Define
, leven, p=#2,

4
e=4¢2, lodd,p#2,
1, p=2.
For each j and h put

Vi =ile,  Xn = Xale

2.1 Proposition. The complete list of irreducible Brauer characters of G
is; (0<j<e€), xn (1<h<l/2).

Proof. The restriction of a character of G to G is a Brauer character, and
the number of the zﬁj and Xy with indices ranging as indicated is the same
as the number of p’-conjugacy classes of G, so it suffices to show that these
Brauer characters are all irreducible and distinct. .

Each v; has degree one and is therefore irreducible. Also, the v; with
0 < j < ¢ are distinct. This can be seen in the case p # 2 by looking at the
column labeled sr* in the character table; if p = 2, then € = 1 so the issue
of distinctness does not arise.

Fix h with 1 < h < [/2 and suppose that xj is not irreducible. Then xp,
is a sum of two Brauer characters, each of degree one. Since G is solvable,
the Fong-Swan theorem says that every irreducible Brauer character of G is
the restriction to G of an ordinary irreducible character of G [Fe, Theorem
2.1, p. 419]. Thus, x5 = 1%- + 1&;C for some j and k. It follows from our
assumption 1 < h < [/2 that | > 3, so r?" e @ and

() = () + Di(r?P) = 2.
On the other hand,

4mpth 4dmh
= 2cos -

() = 2"y = 2 cos
Xn(r?) = xa(r?) -

and, since 1 < h < 1/2, the argument of the cosine is strictly between 0 and
27, so this last expression does not equal 2, a contradiction. We conclude
that xy, is irreducible.

Finally, suppose that x, = xx with 1 < h < k < [/2. Evaluating both
sides at r?' yields

2pthr 2tk
= 2cos .
m

2 cos

Thus the arguments of the cosines differ by an integer multiple of 27, which
leads to the equation k — h = jl for some j € Z. But 0 < k—h < /2, so
j =0 and k = h. This shows that the x;, are distinct and finishes the proof.

O

2.2 Theorem. Let G = Dy, let 0 < j < e, and put ¢ = @@j. The space V,
has an o-basis if and only if at least one of the following holds:
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(i) dimV =1,
(ii) p=2,

(iii) m is not divisible by p.

Proof. If dimV = 1, then V,, = (e¥), where v = (1,1,...,1), so V,, has
o-basis {e%} or () according as dim V,, is 1 or 0.

Assume that p = 2. Then ¢ is an (ordinary) irreducible character of the
group G = <rpt>. In particular, each orbital subspace Vy7, v € Ag, has
dimension at most one by Freese’s Theorem (1.5.2), and so has an o-basis.
By Theorem 1.1, V, has an o-basis.

Assume that m is not divisible by p. Then G = G and ¢ equals the
ordinary character ;. Since 1; has degree one, each orbital subspace has
dimension at most one and so V,, has an o-basis by the argument of the
preceding paragraph.

Now assume that dimV # 1, p # 2, and m is divisible by p. We will
exhibit v € A for which V¥ does not have an o-basis, and then it will follow
from Theorem 1.1 that V, does not have an o-basis.

First assume that m > 6. Let v = (1,2,1,1,...,1,2,2), which may be

assumed to lie in A, and note that G, = {e}. Let 0 € G. In the formula

of Theorem 1.2 with S = G we have o(u)p(t lop™) = @(r~1o) since

© = i ¢ and 1; is linear and hence a homomorphism, so

(e, e0) = #le)”

vor &y G2
where X = {u € Gle € op~'G}. Since e € op~'G if and only if o €
Gl = Gpu, we have X = {p € Glo € Gu}. Now G = {ri?" | sr* |0 < j <
1,0 < k < m}, and for arbitrary 0 < k < m we have r* = sr0srF € G2 and
srk =gk ¢ GQ, so G C G2 Therefore, X is nonempty and the expression
above is nonzero. We have shown that (e%,,e%) # 0 for all o € G.

Since {e5|d6 € T} is a basis for V" we have e = > sase; and

wl(a)’X‘v

efr = > s bses for unique ag,bs € C. Now Gl = é, so Equation 1.0.1 gives

et = SO(F) Z 50(0'_1)670--

|G| UGG

Since p divides m (implying ¢ # 0) and p > 3 it follows that the first en-
try of v is 1 for each 0 < j < I. Also, for each 0 < k < m, ~ysrk
is a cyclic permutation of vs = (1,2,2,1,1,...,1,2). Therefore, yo #
(2,1,2,1,1,...,1,2) = vr for all o € G, implying ayr = 0. On the other
hand, G, = r'G,r = {e}, so for ¢ € G, (yr)o = ~r if and only if

o = e, implying b, = |CATY |~1. Therefore, e% and e%, are linearly independent
elements of V;Y. In particular, dim V5 > 1. By Lemma 1.3 and the G-
invariance of the inner product, if V5’ were to have an o-basis, then it would
have an o-basis containing €%, but in view of the preceding paragraph, we
see that this is not the case. We conclude that Vi’ does not have an o-basis.
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The foregoing argument assumed that m > 6. Since m is divisible by p
and p # 2, this leaves the two cases (m,p) = (3,3) and (m,p) = (5,5). First
assume that (m,p) = (3,3) and let v = (1,2,2), which we may assume lies
in A. Then G, = {e, s} and the set of those standard symmetrized tensors
contained in V5 is {e%5, €515, €591 }, Where we are writing 122 for (1,2,2),
etc. Now,

1
6%2 = Z[(l + 1)ejon + (£1)eg1a + (£1)eg91]
1
8512 = Z[(il)elm + (1 + 1)6212 + (ﬂ:l)eggl]

1
€5 = 1[(i1)€122 + (£1)ea12 + (1 £ 1)ean],

where we use the (+4) signs or the (—) signs according as ¢ is 1)1 or .
The matrix of coefficients on the right is nonsingular, so these three vectors
are linearly independent. Therefore, dim Vi’ = 3. On the other hand, these
vectors are not pairwise orthogonal. We conclude that V7 does not have an
o-basis. An almost identical argument leads to the same conclusion in the
case (m,p) = (5,5) using v = (1,2,2,2,2).

In each case, we have found v € A for which V3 does not have an o-basis.
As remarked earlier, it follows that V, does not have an o-basis either, and
the proof is complete. O

The preceding theorem shows that, in contrast to the case with ordinary
symmetrized tensors, it is possible for a symmetry class of tensors corre-
sponding to a linear (i.e., degree one) Brauer character to fail to have an
o-basis.

Recall that we are writing m = p'l with [ an integer not divisible by p.

2.3 Theorem. Let G = D,y,, let 1 < h <1/2, and put p = xp,. The vector
space V,, has an o-basis if and only if either dimV =1 or 1’ is divisible by
4, where I" =1/ ged(l, h).

Proof. Denote by 1 the restriction of ¢ to C=CnG= (rpt> and denote
by 7 the restriction of A\ to C, so that

¥ =¢le=n+M)le =n+10
Step 1: We have n # 1.
Suppose 1 = 7. Then
WP = () = () =07 = M) = w

implying w2’ = 1 so that 2hp' = km = kp'l for some positive integer k.
But this implies 0 < kIl = 2h < [, yielding the contradiction 0 < k < 1.
Therefore, n # 7 as claimed.

. AY _ — _
Step 2: If v € Aé, then (n, Dé’v =1 and (7, 1)(% =1.
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Let v € Az. Since 1 = n + 1, we have
(2.3.1) 07 (W, e, =g, + (7 1)e

Each term on the right is a nonnegatlve 1nteger, so at least one of the terms
must be nonzero. But

1. De, = @) = m,1)e = 0,1)¢ ,

so we conclude that both terms on the right of (2.3.1) are nonzero. Since 7
and 7 are linear both of these terms must be 1 as claimed.

Step 3: For ~ € Awé and o € C we have

(6'1507 6,1{,}) = C(T’(U) + 77/(0—))7
where ¢ = 4|C,|/|C).

Let v € Ag and ¢ € C. We have ¢ = 1+ 7, and 7 and 7 are distinct

irreducible characters of ¢ by Step 1, so due to the orthogonality of V,, and
Vi (Theorem 1.4), we get
(€, %) = (el + el + )

(2.3.2) = 4(ell,, el) 4 4(el,, el).
Using the fact that n has degree one and is therefore a homomorphism, we

get from Theorem 1.5 that

1
('yav'y*iz >|C‘ZT]<T)

TEC’ Cy
_ C| De. [N
n()m(n )é 77()|C|

where the last equality uses Step 2. The same formula with 7 replaced by 7
holds, so the claim follows.

We are now ready to proceed with the proof of the theorem. If p # 2,
then G = C'U {sr*|0 < k < m}, and if p = 2, then G = C. In either case,
the Brauer character ¢ vanishes off the subgroup C, SO s, = csy, Where
¢ = |C|/IG|. Therefore, V, = Vy, and ef = ce¥ for each y € Ty, S0 it
suffices to prove the theorem with ¢ replaced by .

Assume that Vi, has an o-basis and dim V' # 1. Let v = (1,2,2,...,2) €

. We may assume that v € Ay and, since CA'V = {e}, it follows that
v € Ag. We have 1 = 1+ 7 and, since n and 7 are distinct irreducible
characters of C' by Step 1, it follows from Theorem 1.6 and Step 2 that
dim Vf’ = 2. Therefore, by our assumption and Theorem 1.1 (with C playmg
the role of S), V7 has an o-basis consisting of two elements. Due to the C-
invariance of the inner product and Lemma 1.3, we may assume that V7 has
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an o-basis of the form {eﬁ, e%} for some o € C' = (1?"). We have o = 1"
for some integer j, so Step 3 gives

0 = (e%,, e¥) = c(w"?" 4 w™hP"),
where ¢ = 4\CA'V|/|CA'\, whence w27 = —1. This implies that m is even
and 2hjp! = % + km for some integer k, which in turn implies that 4h'j =
I'(1 4 2k), where h' = h/ged(l,h) and I" = 1/ ged(l,h). Therefore, I is
divisible by 4, as desired.

We now prove the converse. If dim V' = 1, then the argument in the proof
of Theorem 2.2 shows that V;, has an o-basis.

Now assume that I’ is divisible by 4 so that I’ = 4k for some integer k.
In order to show that Vi, has an o-basis, it suffices by Theorem 1.1 and
Proposition 1.7 to show that Vf has an o-basis for each v € Ag, so fix such
a 7.

We claim that {eﬁ, e%} is an o-basis for Vyw, where o = rP'¥. Arguing
as above, we have dim va = 2, and the vectors eff and e% are Nonzero
by Proposition 1.7, so it suffices to show that these vectors are orthogonal.
Since I = 1/ ged(l,h) and ' = h/ged(l, h) are relatively prime, we have
1 = al’ + bk’ for some integers a and b. Then bh' = 1 — 4ak, so ' is odd.
Therefore, with ¢ = 4|C,|/|C|, Step 3 gives

6_1(6$0,6$) _ whptk _'_w—hptk: _ (w(m/4))h’ + (w—(m/4))h’
=" 4+ (=) =" — i =0,
where ¢ = y/—1. This completes the proof. ([l

The special case of the preceding theorem where p does not divide the
order of G recovers the following result by Holmes and Tam.

2.4 Corollary [T, Theorem 3.1]. Let G = Dy, let x = xp with 1 < h <
m/2, and assume that dimV > 2. The space Vy, has an o-basis if and only
if m =0 mod 4ho, where h = hoho with ho a power of 2 and hy odd.

Proof. Choose a prime p that does not divide the order of G. Then y = ¢y,
and m = [, so Theorem 2.3 says that V, has an o-basis if and only if m/' is
divisible by 4, where m’ = m/ ged(m, h). Therefore, it remains to show that
this last condition is equivalent to the one in the statement of the theorem.

Assume that m = 0 mod 4hs. Then m = 4hok for some integer k. We
have ged(m,h) = hag, where g = ged(m, hy), so m’ = m/ged(m,h) =
4(k/g). Now g is an odd integer that divides m = 4hgok and 4hg is a power
of 2, so g divides k. Therefore, k/g is an integer and so m/' is divisible by 4.

Now assume that m’ is divisible by 4 so that m’ = 4k for some integer
k. Put ¢ = ged(m,h). Then ¢ = am + bh for some integers a and b, so
(1 — 4ak)c = bhahy. It follows that hy divides ¢ and we can write ¢ = had
for some integer d. Thus, m = m’c = 4khsd, which says that m = 0
mod 4ho. This completes the proof. O



12

RANDALL R. HOLMES AVANTHA INDIKA

2.5 FEzample. Let G = D,, and assume that dij >3 and m,p = 3. Let
v=(1,2,3) € Iy, n and put ¢ =91 and ¢’ = 1p9. Then ¢, ¢’ € IBr(G) and

0 # ¢,

(

yet
1

/
ef,ey ) = —(e123 + €132 + €213 + €321, €123 — €132 — €213 — €321)

16
= -1/8#0.

so Vi, is not orthogonal to V. (cf. remark after Theorem 1.4).

[BPR]

(H2]
(HT]

[Is]
[Me]

[Se]
[SAJ]

(Wai

REFERENCES

C. Bessenrodt, M. R. Pournaki, and A. Reifegerste, A note on the orthogonal
basis of a certain full symmetry class of tensors, Linear Algebra and its Appli-
cations 370 (2003), 369-374.

C. W. Curtis and I. Reiner, Representation Theory of Finite Groups and Asso-
ciative Algebras, Interscience, New York, 1962.

M. R. Darafsheh and N. S.Poursalavati, Orthogonal basis of the symmetry classes
of tensors associated with the direct product of permutation groups, Pure Math-
ematics and Applications 10 (3) (1999), 241-248.

J. A. Dias da Silva and M. M. Torres, On the orthogonal dimension of orbital
sets, Linear Algebra and its Applications 401 (2005), 77-107.

W. Feit, The Representation Theory of Finite Groups, North-Holland, New York,
1982.

R. Freese, Inequalities for generalized matriz functions based on arbitrary char-
acters, Linear Algebra and its Applications 7 (1973), 337-345.

R. R. Holmes, Orthogonal bases of symmetrized tensor spaces, Linear Multilinear
Algebra 39 (3) (1995), 241-243.

R. R. Holmes, Orthogonality of cosets relative to irreducible characters of finite
groups, Linear Multilinear Algebra 52 (2) (2004), 133-143.

R. R. Holmes and T.-Y. Tam, Symmetry classes of tensors associated with certain
groups, Linear Multilinear Algebra 32 (1) (1992), 21-31.

1. M. Isaacs, Character theory of finite groups, Dover, New York, 1976.

R. Merris, Multilinear Algebra, Gordan and Breach Science Publishers, Amster-
dam, 1997.

J.-P. Serre, Linear Representations of Finite Groups, Springer, New York, 1977.
M. A. Shahabi, K. Azizi, and M. H. Jafari, On the orthogonal basis of symmetry
classes of tensors, Journal of Algebra 237 (2) (2001), 637-646.

B. Y. Wang and M. P. Gong, A higher symmetry class of tensors with an orthog-
onal basis of decomposable symmetrized tensors, Linear and Multilinear Algebra
30 (1-2) (1991), 61-64.

RANDALL R. HOLMES, DEPARTMENT OF MATHEMATICS AND STATISTICS, AUBURN
UNIVERSITY, AUBURN AL, 36849, HOLMERRGAUBURN . EDU

AVANTHA INDIKA, DEPARTMENT OF MATHEMATICS AND STATISTICS, AUBURN UNI-
VERSITY, AUBURN AL, 36849, kAAO0O06@AUBURN . EDU



	0. Introduction
	1. Notation and background
	2. The dihedral group
	References

